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We analyze the algebra of Dirac observables of the relativistic particle in four space-time di-
mensions. We show that the position observables become non-commutative and the commutation
relations lead to a structure very similar to the non-commutative geometry of Deformed Special
Relativity (DSR). In this framework, it appears natural to consider the 4d relativistic particle as
a five dimensional massless particle. We study its quantization in terms of wave functions on the
5d light cone. We introduce the corresponding five-dimensional action principle and analyze how it
reproduces the physics of the 4d relativistic particle. The formalism is naturally subject to diver-
gences and we show that DSR arises as a natural regularization: the 5d light cone is regularized as
the de Sitter space. We interpret the fifth coordinate as the particle’s proper time while the fifth
moment can be understood as the mass. Finally, we show how to formulate the Feynman propagator
and the Feynman amplitudes of quantum field theory in this context in terms of Dirac observables.
This provides new insights for the construction of observables and scattering amplitudes in DSR.
Introduction
There has recently been an increasing interest in the-
ories of Deformed Special Relativity (DSR). Tentatively
introduced as Lorentz invariant theories with modified
dispersion relation taking into account a universal length
(or mass) scale [1], they are believed to provide grounds
for a phenomenology of quantum gravity in the semi-
classical regime. In three space-time dimensions, it has
been shown that matter degrees of freedom are described
after integration over the metric fluctuations by an effec-
tive non-commutative quantum field theory which pro-
vides an explicit realization of a DSR theory [2]. There
also are several heuristic arguments for 4d quantum grav-
ity [3], even though we do not yet have a definitive deriva-
tion of a DSR quantum field theory from quantum grav-
ity. It is nevertheless important to understand how to
build a consistent quantum field theory based on such De-
formed Special Relativity. On one hand, it would provide
us modifications of scattering amplitudes which could be
tested experimentally in particle accelerators or in cos-
mological context; on the other hand, it might provide us
some insights in the structure of a full quantum gravity
theory.
DSR is usually presented as a theory based on a curved
∗lfreidel@perimeterinstitute.ca
†girelli@sissa.it
‡etera.livine@ens-lyon.fr
momentum space: the momentum does not live in the
standard flat 4d Minkowski space but in the de Sitter
space (e.g. [4]). This curvature induces by duality the
non-commutativity of the space-time coordinates. The
goal is to write a quantum field theory on such a back-
ground. Our strategy is to re-examine Special Relativity
(SR) and the structure of the algebra of observables of
the relativistic particle in order to understand its exten-
sion to DSR and provide the deformed theory with solid
foundations.
Starting with a standard massive relativistic particle,
we first construct the set of strong Dirac observables.
These are the phase space functions which commute ev-
erywhere in phase space with the Hamiltonian constraint.
These “constants of motion” correspond to the measur-
able quantities. In this simple case, they are generated by
the 4-momentum pµ and the Lorentz generators jµν . To-
gether, they generate the Poincare´ Lie algebra. However,
if we are interested in probing the structure of space-time,
we would like to identify suitable space-time coordinates
which are Dirac observables. The coordinates xµ obvi-
ously are not observables. To construct good coordinate
functions, we use the concept of relational observables:
we choose one of the degree of freedom of the system as
the clock and we describe the evolution of the remaining
degrees of freedom in term of that internal time. One
usually chooses the time coordinate x0 as the clock. This
leads to the Newton-Wigner position operators [5]. They
are Dirac observables, but they are not Lorentz covariant.
Thus we chose to work with the Lorentz invariant clock
xµp
µ. They lead to well-defined Lorentz covariant posi-
2tion observables Xµ. Together with the p
µ’s, these new
coordinates generate the whole algebra of observables.
Observing that using Xµ leads to the impossibility to
define a time evolution as well as complications in the
quantization procedure, we extend the analysis to the
Lorentz covariant position weak observables Xµ, that is
the position observables that commute with the Hamil-
tonian constraint only on shell.
In section II, we recall how the choice of scalar prod-
uct is of fundamental importance to define the quantum
observables: dealing with the kinematical or the physical
scalar product leads to different result for the self adjoint
position operator X̂µ.
In section III, we recall how the X̂µ non-commutativity
reflects the impossibility of localizing the quantum rela-
tivistic particle with an accuracy better than the Comp-
ton length. This non-commutativity turns out to be very
similar to the one encountered in DSR. This initial ob-
servation shows that Special Relativity already contains
the seeds of its extension to DSR.
In section IV, we show that the algebra of the X, p, j
observables is naturally quantized as operators acting on
the space of functions on the five-dimensional light cone:
the massive 4d relativistic particle becomes a massless 5d
system. We also make explicit the isomorphism between
this new space of wave functions on the 5d light cone and
the standard wave functions on the flat Minkowski space.
In section V, we further introduce a 5d action princi-
ple for the 4d massive relativistic particle. We study the
map between the new 5d coordinates and the usual 4d
coordinates (x, p). It appears that the fifth moment ac-
tually generates the Hamiltonian flow of the relativistic
particle: this new fifth component of the momentum can
be considered as the (rest) mass of the particle.
However, most of the Poisson (and Dirac) brackets in-
duced in 4d become singular on the 5d light cone. There-
fore, we introduce a regularization slightly moving away
from the 5d light cone: the 5d momentum now lives on
the de Sitter space. The resulting modified 5d action has
been shown in [6] to generate the DSR theories as differ-
ent gauge fixing choices. From this point of view, we here
show that DSR appears as a natural regularization of SR
at the level of the algebra of observables.
In section VI, we exploit the 5d reformulation of the
relativistic particle to write a 5d representation of the
Feynman propagator (for a massive scalar field). Once
again, the expression becomes singular on the 5d light
cone. Nevertheless, we show that the Feynman propaga-
tor can be written exactly as a integral on the de Sitter
space of moments. This analysis leads to interpreting
the fifth space-time coordinate as the proper time of the
particle.
Going further in the analysis of the Quantum Field
Theory amplitudes, we show how the Feynman loop dia-
gram evaluations can be written as expectation values of
some (time ordered) Dirac observables of the relativistic
particle. We hope to be able to generalize this to DSR.
This would be a definite first step towards deriving the
Feynman amplitudes in DSR and constructing a consis-
tent S-matrix describing the scattering of particles.
In the last section, we introduce the necessary frame-
work to deal with particles with spin. We perform the
canonical analysis and write the corresponding Dirac
observables. We insist on the fact that the spin al-
ready induces a (Moyal-like) non-commutativity of the
space-time coordinates at the classical level. This non-
commutativity is distinct from the non-commutativity
of the position observables (which is of a κ-deformed
Poincare´ type) and leads to further difficulties in the
quantization of the algebra of Dirac observables.
I. DIRAC OBSERVABLES FOR THE
RELATIVISTIC PARTICLE
A. Position observables
We start with the phase space of the relativistic parti-
cle:
{xµ, pν} = ηµν , (1)
where we choose the flat metric ηµν = (+ − −−). The
Hamiltonian constraint for a massive particle isH = (p2−
m2) ≡ 0 and the action is:
S =
∫
pµdxµ − λH, (2)
where λ is a Lagrange multiplier. We are interested into
the Dirac observables, which are the phase space func-
tions which Poisson-commute with H . They are gener-
ated by the momenta pµ, which generate the translations,
and the generators of the Lorentz transformation:
jµν = xµpν − xνpµ. (3)
Nevertheless, we would like to have some Dirac observ-
ables giving the position of the particle. For this purpose,
we use relational observables [7]. These are constructed
from two arbitrary phase space functions a, b and defined
as a function of an arbitrary real parameter T :
Ab(T ) ≡
∫
R
dτ a(τ) b˙(τ)δ(b(τ) − T ). (4)
We have introduced the notation f(τ) for the Hamilto-
nian flow of the phase space function f :
f(τ) ≡ e−
1
2
τ{H,·} f.
3It is straightforward to check that Ab(T ) is a Dirac ob-
servable, whatever the value of T . It represents the value
of a when the clock b indicates T . It is then natural to
choose a clock b = x · v with v an arbitrary fixed (time-
like) vector and the function a = xµ indicating the par-
ticle’s position. This way, we define the following Dirac
observables:
X (v)µ (T ) = xµ +
pµ
p · v
(T − x · v) =
jµνv
ν + Tpµ
p · v
, (5)
which defines the values of the four coordinates at the
time xαvα = T . When v = (1, 0, 0, 0), the time is sim-
ply the time coordinate x0. These position observables
commute with each other:
{X (v)µ (T ),X
(v)
ν (T )} = 0.
However, the X
(v)
µ (T ) are not Lorentz-covariant, since
they are constructed using a fixed vector vµ. The simplest
solution to address this problem is to take the special
vector v ≡ p: we choose as clock the dilatation b = x ·p =
D. This leads to the following position observables:
Xµ(T ) = xµ +
pµ
p2
(T −D) =
kµ + Tpµ
p2
, (6)
with
kµ = jµνp
ν = xµp
2 − pµD.
To understand the physical meaning of these coordinates,
it is useful to write them as:
Xµ(T ) =
(
ηµν −
pµpν
p2
)
xν + T
pµ
p2
. (7)
We always have X (T )·p = T and the coordinates Xµ(T =
0) are simply the transversal coordinates of the vector
x wit respect to the particle trajectory. More precisely
D = x · p = 0 corresponds to the ’perihelion’ P of the
particle’s trajectory, i.e. the event when the particle is
the closest to the origin. Then T counts the proper time
along the particle’s trajectory from P .
Let us work at some fixed time T0. The coordinates
xµ can not be reconstructed solely from the variables
Xµ(T0), pµ since they are Dirac observables and xµ is not.
To invert the relation between the x’s and the X (T0)’s, we
need the dilatation D, which is not a Dirac observable1.
Then specifying the four coordinates xµ is equivalent to
specifying the 5-vector (D,Xµ(T0)), which is the paral-
lel and transversal projections of x with respect to the
vector p (up to the shift T0pµ).
1 Indeed {D, p2} does not vanish. More precisely, one can check:
{D, p2} = 2p2, {D, x2} = −2x2, {p2, x2} = −4D,
Let us look at the algebra generated by the Xµ(T ).
The key remark is that the jµν ’s and kµ’s form a so(1, 4)
algebra:
{kµ, kν} = −(p
2)jµν . (8)
This implies that the Xµ’s do not commute with each
other:
{Xµ(T ),Xν(T )} = −
jµν
p2
. (9)
We also have a deformation of the canonical Poisson
bracket:
{Xµ(T ), pν} = ηµν −
pµpν
p2
. (10)
This is the projector onto transversal modes (orthogonal
to the direction of the motion pµ). Finally, we compute
the action of the dilatation:
{D,Xµ} = −Xµ, {D, pµ} = +pµ, {D, jµν} = 0.
The essential point for our discussion is that the jµν and
the rescaled2 positions
√
p2Xµ form a so(4, 1) algebra
under the Poisson bracket. This is reminiscent of the
Snyder algebra for a Lorentz covariant non-commutative
geometry [9]. Actually this link can be made precise as
we will see in the next section IB. The interesting point
is that the Snyder algebra is related (through a change
of basis) to the κ-deformed Poincare´ algebra encountered
in theories of Deformed Special Relativity [6]. In some
sense, we show here that standard Special Relativity itself
already contains the seeds of DSR.
We now compute the values of the two Casimir oper-
ators of the so(4, 1) algebra. For the quadratic Casimir,
we find3:
C2 ≡
1
2
jµνj
µν − p2Xµ(T )X
µ(T ) = −T 2. (11)
The time becomes a Casimir of our algebra of Dirac
observables (j,X (T )). Then, introducing the Pauli-
Lubanski vector ωµ ≡ ǫµαβγX
αjβγ = 0, the quartic
Casimir turns out to be trivial:
C4 ≡ ωµω
µ = 0. (12)
so that D/2, p2/2 and x2/2 form a sl(2,R) algebra. This is the
starting point of 2-time physics [8].
2 Since the X ’s commute with the Hamiltonian, we can rescale
them by any function of p2 without complicating their Poisson
brackets. Moreover the coordinate choice p2Xµ is invariant un-
der dilatations generated by D: these are the natural coordinates
to consider when using D as time [6].
3 We compute the Lorentz invariant:
XµX
µ = xµx
µ +
1
p2
(T 2 −D2).
4This means that we are dealing with a simple represen-
tation of the algebra so(4, 1), which can be realized as
functions on the 5d light cone C0, on the one-sheet hyper-
boloid SO(4, 1)/SO(3, 1) (which actually is the de Sitter
space) or on the two-sheets hyperboloid SO(4, 1)/SO(4).
At the level of the action, we compute the kinetic term
pµdxµ in term of the coordinates Xµ(T ) and find:
pµdxµ = p
µdXµ +
(T −D)
2p2
dH + dD. (13)
Therefore the action can be written up to total derivatives
as:
S′ =
∫
pµdXµ+Hd
(
D − T
2p2
)
−λH−µ(pµXµ−T ). (14)
This leads to two considerations. First, D/p2 can be con-
sidered as a new fifth coordinate, conjugate to the Hamil-
tonian constraint H = p2 − m2. It thus seems possible
to provide the relativistic particle with a five-dimensional
action principle. Second the five dimensions are reduced
to the usual four dimensions by an extra constraint. This
second constraint do not commute with the Hamiltonian
constraint H = 0 and can therefore be considered as a
gauge fixing condition lifting the first class constraint H
to a second class constraint system. This is analyzed in
details in section IV.
B. Strong observables versus weak observables
Up to now, we have considered strong observables, that
commute exactly with the Hamiltonian constraint. We
would like to propose to use weak observables instead,
that commute with the Hamiltonian constraint only on
the mass-shell.
Indeed, first, from the point of view of the quantiza-
tion, the factors 1/p2 and
√
p2 occurring when consider-
ing the Dirac observables Xµ(T ) would not be easy to deal
with when quantizing the algebra of observables. Then,
from the point of the dynamics, the ”time” evolution in
T of the coordinates Xµ(T ) can not be generated from
a Hamiltonian. More precisely, there does not exist any
phase function Heff such that:
∀T, {Heff ,Xµ(T )} =
dXµ(T )
dT
=
pµ
p2
.
This is due to the fact that the coordinates Xµ(T ) are
basically the projection of the space-time coordinates xµ
orthogonally to the momentum pµ. We can relax this
condition by introducing the following weak observables:
Xµ(T ) =
(
ηµν −
pµpν
m2
)
xν+T
pµ
m2
= xµ+
pµ
m2
(T −xνpν).
In contrast to the previous situation, this relation is in-
vertible off shell4 and we can express xµ in terms of
Xµ(T = 0):
xµ =
(
ηµν −
pµpν
p2 −m2
)
Xµ. (15)
These do not strongly commute with the Hamiltonian
constraint anymore:
{H,Xµ(T )} = −2pµ
(
1−
p2
m2
)
= 2
pµ
m2
H, (16)
but the Poisson bracket still vanishes on-shell. The
Xµ(T ) still do not commute with each other:
{Xµ(T ), Xν(T )} = −
jµν
m2
. (17)
The (p,X, j) algebra is very similar to the previous
(p,X , j) algebra, but the 1/p2 factors are replaced by
constant 1/m2 factors. The observables jµν and mXµ
form a so(4, 1) algebra. Moreover, the (p,X, j) algebra is
now exactly the Snyder algebra related to a κ-deformed
Poincare´ symmetry with deformation parameter κ ≡ m.
This provides an exact link between the algebra of Dirac
observables of the relativistic particle and the phase space
structure of the deformed relativistic particle.
A further advantage of the X observables on the X
coordinates is that the p2 factors are replaced by m2 con-
stants: we do not have to deal with any
√
p2 factor when
quantizing (compare
√
p2Xµ to the simpler mXµ). Of
course, other subtleties will arise. First, although the
quartic Casimir will still vanish, the quadratic Casimir
C2 will only be equal to −T
2 on the mass-shell. Then,
as we will discuss in the paragraphs below, although the
operators X̂µ will of course be Hermitian for the physical
scalar product, they will not be Hermitian with respect
to the kinematical scalar product.
Moreover, it is possible to generate the time evolution
of the observables Xµ(T ) with an effective Hamiltonian
which turns out to be exactly the logarithm of the original
Hamiltonian constraint:{
1
2
ln |H |, Xµ(T )
}
=
pµ
m2
=
dXµ(T )
dT
. (18)
4 This is due to the fact that p.X is not a constant anymore but is
easily related to p.x:
pνX
ν = pνx
ν
„
1−
p2
m2
«
.
5Finally, we can re-write the action in term of these new
coordinates (up to a total derivative):
pµdxµ = p
µdXµ −
1
2
(D − T )dH, (19)
which shows explicitly the canonical relation between the
Hamiltonian constraint and the dilatation generator.
C. Gauge fixing and the Dirac bracket
The choice of a time variable can be understood as
an explicit gauge fixing that breaks the symmetry of the
action under time reparametrization. After gauge fix-
ing, the symplectic form on the reduced phase space is
given by the Dirac bracket. Given the constraint H and
a gauge fixing condition C such that {C,H} 6= 0, the
Dirac bracket is defined as
{φ, ψ}D = {φ, ψ} − {φ,C}
(
1
{H,C}
)
{H,ψ}
−{φ,H}
(
−1
{H,C}
)
{C,ψ}. (20)
For the standard time choice C = x.v, where v is an
arbitrary time-like vector, we have {H,x.v} = −2p.v and
we obtain:
{xµ, p.v}D =
(
ηµν −
pµvν
p.v
)
vν
{xµ, xν}D = 0. (21)
p.v acts as the Hamiltonian on the gauge fixed system:
the time x.v commute with p.v and the space coordinates
(orthogonal to v) evolve with the usual speed defined by
the momentum pµ. The important relation linking the re-
lational Dirac observables written in the previous section
and the gauge fixing procedure is the equality between
the Dirac bracket and the Poisson bracket of the observ-
ables:
{xµ, pν}D = {X
(v)
µ (T ), pν},
{xµ, xν}D = {X
(v)
µ (T ),X
(v)
ν (T )}, (22)
for any value of the parameter T .
Choosing the dilatation as gauge fixing condition, C =
D, we compute
{xµ, pν}D = ηµν −
pµpν
p2
,
{xµ, xν}D = −
jµν
p2
. (23)
And we similarly obtain the following equalities:
{xµ, pν}D = {Xµ(T ), pν},
{xµ, xν}D = {Xµ(T ),Xν(T )}. (24)
II. QUANTIZATION OF THE WEAK
OBSERVABLES: HERMITICITY
We are interested in the Hermicity properties of the
quantum operator X̂µ. As we mentioned earlier, since
Xµ(T ) are only weak observables, their hermiticity prop-
erties will differ depending if we consider the kinematical
inner product or the physical inner product.
In the following, we will focus on Xµ(T = 0) which we
will simply denote Xµ. The other term +Tpµ/m
2 can be
easily taken into account. We work in the p-polarisation:
wave functions are functions of the momentum pµ, p̂ acts
by multiplication while x̂µ = i∂/∂p acts as a derivation
operator. The kinematical inner product is simply de-
fined as 〈ψ|φ〉 =
∫
d4pψ(p)φ(p), while the physical inner
product takes the Hamiltonian constraint into account:
〈ψ|φ〉ph =
∫
d4pµ δ(p
2 −m2)ψ(p)φ(p).
Then, if we choose the trivial ordering for X̂µ:
X̂µ = i
∂
∂pµ
− i
pµ
m2
pν
∂
∂pν
, (25)
a straightforward calculation gives:
(X̂†µ)kin = X̂µ −
i(d+ 1)
m2
pµ,
(X̂†µ)ph = X̂µ −
i(d− 1)
m2
pµ, (26)
where d = 4 is the space-time dimension. Therefore, at
the quantum level, for the physical inner product, the
correct self-adjoint operator representing the observable
Xµ(T ) requires a complex shift:
X̂µ(T ) ≡ i ∂µ − i
pµpν
m2
∂ν +
(
T − i
(d− 1)
2
)
pµ
m2
, (27)
where ∂α is the partial derivative with respect to the mo-
mentum variable pα.
In the following section, we will quantize the relativis-
tic particle using the so(4, 1) structure of the algebra of
observables and we will check that we recover the exact
same shift from the 5d perspective.
III. ON THE LOCALIZATION OF THE
QUANTUM PARTICLE
Since we know the quantization of the position observ-
ables X̂µ, we can study the issue of the localization of
6the relativistic particle at the quantum level in terms of
Dirac observables.
X̂µ(T ) is quantized in term of the so(4, 1) generator
Jµ4/m. In the space-like sector µ = i = 1, 2, 3, the
spectrum of X̂i is discrete, ~/mZ, and space distances
are quantized in units of Compton length lC = ~/m.
On the other hand, the spectrum of the time coordinate
X̂0 ∝ J04 remains continuous.
Furthermore, one can compute the exact spectrum of
the distance operator X̂µX̂
µ [10] and one shows that the
negative eigenvalues (corresponding to the space-like sec-
tor) are discrete while its positive eigenvalues are continu-
ous (corresponding to the time-like sector). As explained
in [10], the discreteness of the distances does not contra-
dict the Lorentz invariance of the theory.
Let us point out that XµX
µ is not the usual metric
xµx
µ. Nevertheless, it is a Lorentz invariant Dirac ob-
servable, which coincides with xµx
µ when D is fixed i.e
when working in fixed eigenspace of the dilatation D̂. In-
deed we recall that:
Xµ(T )X
µ(T ) = xµx
µ +
1
p2
(T 2 −D2).
This discrete lattice-like structure of the coordinates Xµ
naturally leads to some intrinsic uncertainties in the mea-
surement of these position Dirac observables. Indeed, as
shown in section IA, the commutator of the coordinates
reads:
{Xµ, Xν} = −
1
~
(lC)
2 jµν
~
, (28)
where lC = ~/m is the Compton length of the particle
(at rest). This Poisson bracket will get quantized as:
[X̂µ, X̂ν ] = i (lC)
2 ̂µν .
From this, we expect a position uncertainty δX ∼ lC ,
which is characteristic of the quantized relativistic parti-
cle. More precisely, we have the uncertainty relation:
(δXµ)(δXν) ≥
l2C
2
|〈̂µν〉|.
Let us look at the space sector and consider the uncer-
tainty in the spatial position, (δl)2 ≡ (δX1)
2+(δX2)
2+
(δX3)
2. Following arguments from [11], one shows that
δl is always larger than the Compton length lC as long
as the state is not invariant under SO(4) i.e under the
Jij ’s and the Xi’s. However, if the state is invariant un-
der SO(4), it can not be invariant under X0 and the un-
certainty (δX0) will be larger than lC . A more explicit
analysis would require more details on the action of the
so(4, 1) generators. However, from the study of so(3, 1)
in [11], we expect that this would naturally lead to a
position uncertainty always larger than lC .
IV. QUANTIZATION ON THE 5D LIGHT-CONE
We now proceed to the quantization of the algebra of
observables for a fixed mass m > 0. We will see that
the observables j,X(T ), p can naturally be represented
on the five-dimensional light cone. To this purpose, let
us introduce the 5d coordinates yA and their conjugate
momentum variables πA, with the symplectic structure
{yA, πB} = ηAB and the metric ηAB = (+−−−−). We
define the 5d light cone C0 in momentum space as the
algebraic manifold:
C0 ≡ {(πA) |π
2
0 − πiπi − π
2
4 = 0}. (29)
Choosing a particular value of the time T0, we identify j
and X(T0) to the 5d Lorentz generators,
JAB = yAπB − yBπA,
and we will define the 4-momentum pµ as a simple func-
tion of the 5d momenta πA,
pµ ≡ m
πµ
π4
, (30)
so that the mass-shell condition p2 = m2 becomes the
light-cone condition,
pµp
µ −m2 =
m2
π24
πAπ
A. (31)
It is straightforward to check that this choice has the
right Poisson bracket with Xµ(T0) and jµν . This maps
4d massive relativistic particles to 5d massless particles
(at the level of Dirac observables). This provides us with
a natural 5-dimensional action principle for the 4d rel-
ativistic particle. We will analyze this in details in the
next section.
At the quantum level, we will work in the y-
polarisation. We represent the 5-momentum π as deriva-
tion operators,
π̂A = −iηAB
∂
∂yB
,
and the observables Xµ(T0) becomes the differential op-
erators ĴAB/m.
Next we would like to identify the reference time T0 to
the quadratic Casimir JABJ
AB. At the classical level, we
have5:
1
2
JABJ
AB = (yAy
A)(πBπ
B)− (yAπ
A)2, (32)
where we introduce the 5d dilatation D = yAπ
A. Since
5 (yAy
A)(πBπ
B) − (yAπ
A)2 is actually the quadratic Casimir of
the sl(2,R) Lie algebra generated by the operator D = yAπ
A,
(yAy
A) and (πAπ
A).
7{yAy
A, πBπ
B} = 4D, we only expect linear terms in D
due to ordering ambiguities at the quantum level. Intro-
ducing the dilatation and laplacian operators,
D̂ = yA∂
A, ∆ = ∂A∂
A,
we can compute the Casimir operator Ĵ2 for the algebra
so(4, 1) (we are working at d = 4):
−
1
2
ĴABĴ
AB = y2∆− D̂(D̂ + d− 1) (33)
= ∆y2 − D̂(D̂ + d+ 3)− 2(d+ 1)
=
1
2
(y2∆+∆y2)− D̂(D̂ + d+ 1)− (d+ 1).
The extra term arises from the ordering ambiguity since
∆ and y2 do not commute. This is analogous to the
extra factor met for example in the vacuum energy of the
harmonic oscillator. Note that D̂ (and its square) is not
(anti-)Hermitian, and we actually have:
D̂† = −D̂ − (d+ 1).
The shifts in the operator ĴAB Ĵ
AB ensure that the
Casimir operator remains self-adjoint.
We would like to compute the eigenvalues of Ĵ2 on the
light cone C0 i.e on the states ϕ satisfying ∆ϕ = 0. We
introduce the states ϕP,λ(y) = (yAP
A)λ. They satisfy
∆ϕP,λ = 0 as soon as P is light-like, P
APA = 0. More-
over they diagonalise the dilatation operator, D̂ϕP,λ =
λϕP,λ. Hence, we have:
−
1
2
ĴABĴ
AB ϕP,λ = −λ(λ+ d− 1)ϕP,λ. (34)
We therefore identify the time to the eigenvalue, T 20 =
−λ(λ+d−1). This is possible if and only if λ has a fixed
real part:
λ = −
(d− 1)
2
+ iβ, T 20 = β
2 +
(
d− 1
2
)2
. (35)
The time remains continuous at the quantum level, even
though we have a minimal time unit Tmin = 3/2 (in
Compton unit ~/mc2).
To summarize, the space of harmonic functions (hav-
ing a vanishing laplacian) form a reducible representation
of so(4, 1) which decomposes into irreducible representa-
tions labeled by the parameter λ. These irreducible com-
ponents are formed by homogeneous functions and λ is
the corresponding eigenvalue of the dilatation operator.
Then the time T0 actually fixes which representation we
use.
Finally, we can check that since pµ, jµν , Xµ all com-
mute with the 5d dilatation D̂, it is natural that we
can represent them in an irreducible representation cor-
responding to a single eigenvalue of D.
Now, we are interested in the precise mapping between
the usual 4d wave functions and the states of our 5d quan-
tization. For this purpose, it is easier to use the momen-
tum polarisation and work with the Fourier transforms.
Let us introduce the following family of morphisms be-
tween the usual space of wave functions ϕ(pµ) and the
space of functions on the light cone:
Θα : Φ(pµ) → φ(πA) = (π4)
α Φ
(
m
πµ
π4
)
. (36)
We use the Fourier transform on C0:
ϕ(y) =
∫
d5π δ(πAπ
A)eiyAπ
A
φ(π).
Using this Fourier transform, it is straightforward to
check that Θα gives functions which are eigenvectors of
Dˆ with eigenvalue6:
λ = −(d− 1)− α.
Using the isomorphism Θα, we can compute the ac-
tion of the operator X̂µ = Jµ4/m on the standard wave
functions Φ(p). Working in the π-polarisation, ŷ acts as
+i∂/∂π and Xµ becomes:
X̂µ = +
i
m
(
πµ
∂
∂π4
+ ηµνπ4
∂
∂πν
)
.
Then defining X̂
(α)
µ ≡ Θ−1α X̂µΘα, we obtain:
X̂(α)µ φ(p) = +iηµν
∂φ
∂pν
− i
pµpν
m2
∂φ
∂pν
+ iα
pµ
m2
φ. (37)
Computing the action of this operator on standard plane
waves ϕx(p) = e
−ip.x, we get:
X̂(α)µ ϕx =
(
xµ +
pµ
m2
(+iα− pνx
ν)
)
ϕx. (38)
Inserting +iα = −i(d− 1)− iλ = +β − i(d− 1)/2 in the
previous formulae, we recognize the exact same equation
as in (27) with the same imaginary shift in time −i(d −
1)/2. This imaginary shift is purely a quantum effect.
6 If we had not include the δ(π2) in the measure of the Fourier
transform, we would have found λ = −(d + 1) − α. This shift
(d+ 1)→ (d − 1) is exactly the same as above in the analysis of
the Hermicity of Xµ with respect to the kinematical and physical
inner product.
8At the end of the day, the shift due to the ordering
ambiguities in the 5d quantization fits exactly the shift
required for the hermiticity of the observablesXµ(T ) with
respect to the physical inner product: the 5d quantization
on the light cone is equivalent to the standard quantiza-
tion of the 4d relativistic particle.
Finally, we point out that when λ is set to zero, we
recover the representation of Snyder’s non-commutative
coordinates as differential operators in the momentum p
[9]. Notice nevertheless that λ = 0 is actually excluded
in our analysis due to the quantum shift in −i(d− 1)/2.
V. A 5D ACTION PRINCIPLE AND DSR
A. From 5d to 4d
Since we represent the algebra of observables of the rel-
ativistic particle on the 5d light cone, it seems natural to
propose the following 5d action principle for the massive
4d particle as a massless 5d particle:
S5d =
∫
πAdyA − λπAπ
A. (39)
We have the 5d mass-shell conditionH5d = πAπ
A and the
mass m of particle does not appear in this 5d action. The
natural issue is how to recover the standard relativistic
particle described in term of (xµ, pµ).
Following the previous section, we introduce the vari-
ables:
pµ = m
πµ
π4
, Xµ =
1
m
(yµπ4 − y4πµ) , (40)
where m ∈ R∗+ is an arbitrary fixed parameter. They are
both Dirac observables, {H5d, X} = {H5d, p} = 0 and we
check their Poisson brackets:
{Xµ, pν} = ηµν −
pµpν
m2
, {Xµ, Xν} = −
jµν
m2
,
with the Lorentz generators jµν = y[µπν] = X[µpν].
Expressing yµ in terms of the new variables, the 5d
kinetic term reads as, up to a total derivative:
πAdyA = p
µdXµ+ lnπ4d (p
µXµ)−
1
2
y4
π4
d
(
πAπA
)
. (41)
On-shell, πAπA is fixed (to zero) and the last term van-
ishes. The first term is the usual 4d kinetic term stat-
ing that pµ and Xµ are conjugate momenta/positions.
The second term involves pµXµ, which is our (Lorentz-
invariant) clock time T measuring the proper time along
the particle’s trajectory in the usual 4d space-time. This
identifies lnπ4 as the conjugate momentum to the proper
time: it generates the Hamiltonian evolution. This
should be compared to the (effective) Hamiltonian lnH
describing the evolution the (weak) observables X as
written in equation (18). Finally, we can interpret y4/π4
as the conjugate coordinate to the 5d mass πAπA.
Up to now, we have dealt with the position observ-
ables Xµ. It would be interesting to recover the standard
commutative 4d space-time coordinates. We first notice
that:
pµXµ = π
AyA −
y4
π4
πAπA.
On the 5d mass-shell, πAπA = 0, fixing p
µXµ = T is thus
equivalent to fixing D = πAyA = T . Assuming this extra
condition, D = T , the coordinate Xµ is actually exactly
the Dirac observables for the relativistic particle that we
introduced earlier (6). More precisely, we introduce 4d
coordinates as:
xµ = yµ
π4
m
. (42)
It is straightforward to check that they satisfy the stan-
dard canonical Poisson brackets:
{xµ, xν} = 0, {xµ, pν} = δµν .
Moreover we now have:∣∣∣∣ H5d = 0D = T ⇒ Xµ = xµ + pµm2 (T − x.p) = Xµ(T ).
Finally, writing the 5d kinetics in terms of xµ, we get (up
to a total derivative):
πAdyA = p
µdxµ + lnπ4 d
(
πAyA
)
. (43)
In light of these remarks, we propose to reduce the 5d
system to a 4d one through a gauge fixing of the 5d mass-
shell condition H5d. We choose as gauge fixing condition
D = T . It is straightforward to compute the correspond-
ing Dirac bracket:
{yA, πB}D = ηAB −
πAπB
πCπC
,
{yA, yB}D = −
JAB
πCπC
. (44)
Since pµ and Xµ commute with both H5d and the 5d
dilatation D, their Dirac bracket with any phase space
function is equal to the Poisson bracket. Then we check
that lnπ4 generates the Hamiltonian flow on the 4d vari-
ables:
{lnπ4, Xµ}D = {lnπ4, pµ}D = 0,
{lnπ4, xµ}D = pµ
π24
m2πAπA
. (45)
9The usual 4d Hamiltonian constraint H4d = p
2 −m2 is
easily expressed in terms of the 5d variables:
H4d = m
2π
AπA
π24
.
Its flow is thus the same as the one generated by π4 up
to a factor πAπA. We check that it of course removes all
the π4 and π
AπA factors and simply we recover the usual
relation {H4d, xµ}D = −2pµ.
Therefore, if we want to recover the standard relativis-
tic dynamics after gauge fixing, we have to add an extra-
constraint to the 5d action and we write:
S5d =
∫
πAdyA − λπ
AπA − µ(π4 −M), (46)
whereM is an arbitrary parameter. The path integral for
this action is obviously equivalent to a relativistic particle
with action
∫
πµdyµ−λ(π
µπµ−M
2). This shows that it
is the fifth moment π4 which generates the (rest) mass of
the 4d particle.
B. DSR as a regularization
The main problem with the gauge fixing procedure is
the singularity of the Dirac bracket at πAπA = 0 on the 5d
mass-shell. A natural regularization is to allow a (small)
deviation from 0 and modify the 5d constraint to:
H5d = π
AπA + ǫκ
2 = 0, (47)
where κ ∈ R∗+ is a mass scale and ǫ = ± the sign of the
deviation. The full 5d action now reads:
S5d =
∫
πAdyA − λ (π
AπA + ǫκ
2)− µ(π4 −M), (48)
This is actually the 5d action which generates DSR. In-
deed, it has been shown in [6] that all the various bases of
Deformed Special Relativity can be derived as different
gauge fixing of the 5d constraint H5d. In that frame-
work, ǫ is required to be positive and the momentum
space πAπA = −κ
2 is the de Sitter space. κ is usually
set to the Planck mass and induces a discrete spectrum
for certain distance operators [10]. The rest mass of the
4d particle is obtained from the π4 constraint and is a
function of M (and κ), the exact function depending of
the details of the gauge fixing.
Having κ 6= 0 regulates all the previous expressions.
Moreover it allows to explicitly invert the definition of the
4-momenta pµ = mπµ/π4 and express the fifth moment
π4 in term of p
2:
π24 =
ǫκ2
1− p
2
m2
. (49)
For ǫ = +, we are constrained to work with a bounded
momentum p2 ≤ m2. The other choice ǫ = − leads to
p2 ≥ m2 and we discard it as unphysical. Since π4 is
a simple function of p2, it is now obvious that it gener-
ates the 4d Hamiltonian flow for the relativistic particle.
Moreover, the parameter m loses its straightforward in-
terpretation as the rest mass of the particle. More pre-
cisely, imposing the constraint π4 =M , we obtain:
p2 = m2
(
1−
κ2
M2
)
.
We recover the standard dispersion relation p2 = m2 in
the limit κ≪M when we remove the regulator κ→ 0.
This shows how classical mechanics in DSR can be con-
sidered as a regularization of standard Special Relativ-
ity from the five-dimensional point of view when quan-
tizing the algebra of Dirac observables. This is consis-
tent with the hope that DSR quantum field theory regu-
larizes Feynman diagrams of standard QFT. This offers
a shift of perspective on the interpretation of the non-
commutative space-time coordinates of DSR. Indeed the
non-commutativity of Lorentz-covariant position observ-
ables is already present in Special Relativity (consider
the Xµ(T ) coordinates). These coordinates are not the
true space-time coordinates, xµ, but Dirac observables
which are constants of motion. This is supported by the
fact that the relativistic Dirac observables Xµ, pµ have
the same Poisson brackets as the DSR phase space co-
ordinates in the Snyder basis [9]. The only difference is
that we represent the Poisson algebra of the 5d light cone
while the DSR coordinates are realized as operators on
the de Sitter space [1, 9].
C. A 5d representation of the Feynman propagator
Since we have provided a 5d representation of the rel-
ativistic particle at both the level of the action and of
the Dirac observables, it would be interesting to inves-
tigate whether this picture can be extended to quantum
field theory. More precisely, we focus on the Feynman
propagator, from which one can then build the whole
perturbative expansion of the scattering amplitudes.
In the proper time representation, the Feynman prop-
agator reads:
Km(xµ) ≡
∫
R+
dT
∫
d4pµ e
ipµxµeiT (p
2−m2+iǫ), (50)
where ǫ > 0 is a regulator. We would like to express this
in terms of the 5d variables (yA, πA). First, we write the
mass-shell constraint in terms of the π’s:
p2 −m2 = m2
πAπ
A
π24
.
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We perform a first change of variable pµ = mπµ/π4. It is
then natural to introduce the rescaled coordinates yµ =
mxµ/π4 to preserve the symplectic form. Finally, we do
a change of variables from the proper time T to the fifth
coordinate y4 = T m
2πAπ
A/π34 . We obtain in the end:
Km(x) = m
2
∫
R+
dy4
∫
d4πµ
π4
eiπ
AyA
πAπA
. (51)
A first remark is that π4 is still unspecified. It could
possibly play the role of a renormalisation scale or some
energy cut-off. Nevertheless, the measure d4πµ /π4 sug-
gests a lift to a 5d integral such as d5πA δ(πAπ
A). How-
ever, this would conflict with the 1/πAπ
A term in the in-
tegral. This is normal since imposing πAπ
A = 0 amounts
to enforcing the mass-shell constraint, but the Feynman
propagator is an off-shell object.
We propose to resolve this issue by the same DSR reg-
ularization as used earlier. We introduce the constraint
δ(πAπ
A+κ2). Then we obtain the following 5d represen-
tation of the Feynman propagator:
Km(x) =
m2
κ2
∫
R+
dy4
∫
d5πA δ(πAπ
A + κ2) eiπ
AyA .
(52)
We have thus written the Feynman propagator as an on-
shell object from the 5d point of view.
The only subtle point is that imposing πAπ
A + κ2 = 0
truncates the momentum space to the p2 < m2 sector.
To recover the other half of the momentum space, we
should switch the sign of κ2 and impose πAπ
A − κ2 = 0.
Therefore the full Feynman propagator, with an integra-
tion over the whole p space, is the difference of the two 5d
integrals with κ-shell condition respectively δ(πAπ
A+κ2)
and δ(πAπ
A − κ2).
This 5d representation of the Feynman propagator al-
lows a clear interpretation of the fifth dimension: π4 rep-
resents the mass of the particle (or more precisely the
possibly off-shell p2) while y4 is the proper time (rescaled
by some m/π4 factor).
This 5d reformulation of the Feynman propagator
should allow a 5d DSR-like representation of all scatter-
ing amplitudes of quantum field theory. From the reverse
point of view, it shows that amplitudes computed in QFT
based on DSR could simply be equivalent to standard
QFT. To evade such a no-go theorem about DSR, we see
two alternatives:
• DSR relaxes the κ-shell condition, either by allow-
ing κ to vary or by allowing πAπ
A not to be fixed
at ±κ2. In this case, DSR will truly be a 5d theory
based on a physical 5d momentum πµ.
• The deformation of the scattering in DSR is not
strictly contained in the Feynman propagator but is
due to a modification of the interaction vertices. In
algebraic terms, we deform the co-product dictating
the law of addition of the moments [12].
These two viewpoints do not exclude each other.
VI. ORDERED OBSERVABLES AND
FEYNMAN DIAGRAMS
Other useful relational observables are the ones record-
ing whether the particle went through a given fixed space-
time point zµ along its trajectory. Let us introduce the
phase space distribution:
Oz ≡
∫
R
dτ δ(4)
(
xµ
( τ
m
)
− zµ
)
, (53)
where xµ(τ) = exp(−τ{H, ·}/2)xµ = xµ + τpµ. The
factor m is here for dimensional purposes. It is straight-
forward to check that this is a Dirac observable. Carrying
out the integration in x0, this observable reads as:
Oz =
m2
p20
δ(3)(Ki(z)), (54)
where we have defined the boost vector Ki(z) ≡ p0(xi −
zi)−pi(x0−z0). Note thatKi(z) = j0i−(p0zi−piz0). We
can easily compute the Fourier transformed observable:
Oq ≡
∫
d4zeiq.zOz = e
iq.xδ
( q.p
m2
)
. (55)
We quantize this operator by splitting the exp(iq.x) into
two and we define:
Ôq |p〉 = δ
((
p+ q2
)
.q
m2
)
|p+ q〉. (56)
Due to the chosen ordering, this operator is still a Dirac
observable at the quantum level, i.e it commutes with
the quantum operator p2 and leaves invariant the Hilbert
of physical state (annihilated by p̂2 − m2). Indeed, the
δ-function,
m2δ
((
p+
q
2
)
.q
)
= 2m2δ
(
(p+ q)2 − p2
)
,
imposes that (p + q) is on the same mass-shell than p.
Finally, reversing the Fourier transform, we define the
quantum operator:
Ôz |p〉 =
∫
R
dτ
∫
dq e
−iq.
„
z−τ
p+
q
2
m2
«
|p+ q〉. (57)
The q2 shift in the exponential is due to the quantum
ordering.
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An interesting related phase space function is defined
by restricting the range of τ -integration to R+:
Fz =
∫
R+
dτ δ(4)
(
xµ
( τ
m
)
− zµ
)
. (58)
Taking the Fourier transform, we define:
Fq =
∫
d4z eiq.zFz = e
iq.x im
q.p+ iǫ
, (59)
where ǫ > 0 regularizes the τ -integration. The F ’s are
not Dirac observables but their Poisson bracket with the
Hamiltonian constraint generates the plane waves7:
{H,Fq} = 2me
iq.x. (60)
We quantize Fq using the same ordering as for Oq split-
ting the translation eiqx into two halves:
F̂q |p〉 =
im
q.
(
p+ q2
)
+ iǫ
|p+ q〉, (61)
=
2im
(p+ q)2 − p2 + iǫ
|p+ q〉. (62)
Its commutator with the Hamiltonian generates simple
translations in the momentum space:[
Ĥ, F̂q
]
|p〉 = 2im |p+ q〉. (63)
It is straightforward to generalize to observables
recording whether the particle went through a certain
number of space-time points, zi, ordered in time:∫ n∏
i=1
dτi δ
(4)(xµ(
τi
m
)− ziµ).
We define O
(n)
zi
for a range −∞ < τ1 < .. < τn < +∞
and F
(n)
zi
for the restricted range 0 < τ1 < .. < τn < +∞.
We compute their Fourier transform, now depending on
n momenta qi:
O
(n)
qi
=
mnδ(p.Q1)e
ix.Q1∏n
j=2(p.Qj + iǫ)
, F
(n)
qi
=
(im)neix.Q1∏n
j=1(p.Qj + iǫ)
,
O
(n)
qi
=
m
in−1
δ(p.Q1)e
ix.q1F
(n−1)
q2,..,qn
,
7 We also compute the bracket of the plane waves with F :
{eir.x,Fq} =
m(r.q)eix.(q+r)
(q.p+ iǫ)2
=
r.q
m
e−ix.qF2q .
where we have defined the momenta Qj ≡
∑n
i=j q
i. Oqi
is obviously once again a Dirac observable. As for the
F ’s, it is straightforward to compute:
{H,F
(n)
q1,..,qn
} = 2meix.q
1
F
(n−1)
q2,..,qn
. (64)
At the quantum level,we similarly define the operators:
Ô
(n)
qi
|p〉 =
2mn δ((p+Q1)
2 − p2)∏n
j=2
(
Qj.
(
p+
Qj
2
)
+ iǫ
) |p+Q1〉, (65)
F̂
(n)
qi
|p〉 =
(im)n∏n
j=1
(
Qj .
(
p+
Qj
2
)
+ iǫ
) |p+Q1〉. (66)
This leads to the same tower of operators with the fol-
lowing commutators:
[Ĥ, F̂ (n)] = 2mTq1 F̂
(n−1),
where Tq is the momentum translation by q.
The one-loop Feynman diagram with two external legs
can be extracted from:∫
d4s 〈p |Ô
(4)
q,s,r,−s|p〉, (67)
where p is a reference vector on the mass-shell. Indeed
up to the ǫ regulator, this is equal to:
(2m)4δ(4)(q + r)
δ((p + q + r)2 − p2)
(p+ r)2 − p2
I2(r),
I2(r) =
∫
d4s
1
((r + s)2 − p2)(s2 − p2)
.
Setting p2 = m2, we obtain the one-loop Feynman am-
plitude with two legs for a massive scalar field, up to
a normalization factor 1/((p + r)2 − p2). We can fur-
ther get rid of the δ((p + q + r)2 − p2) which leads to a
singular result by equivalently considering the operator
exp(ix.q)F
(3)
s,r,−s:∫
d4s 〈p |êix.qF̂
(3)
s,r,−s|p〉 = δ
(4)(q + r)
(2im)3
(p+ r)2 − p2
I2.
(68)
Note that despite the fact that we are using F , that
operator still defines a Dirac observable since O(n) ∼
exp(ix.q)F (n−1).
The physical interpretation of O
(4)
q,s,r,−s is as follows.
Since we are dealing with O(4), we are constraining the
particle to go through four fixed space-time points ordered
in time along the particle trajectory. However, due to the
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identification of the moments s↔ −s, the two last points
are actually identified to the two first points, so that the
particle does a time-like loop, going through a point z1
then through a point z2 then point z1 again and point z2
again. This graph exactly draws the one-loop Feynman
diagram with two external legs.
This can be generalized to all Feynman diagrams. This
shows that the quantum field theory scattering ampli-
tudes can be expressed as expectation values of the O(n)
Dirac observables (for a single relativistic particle).
Let us conclude this section by the following remark.
If we were to define the O observables using the Dirac
observables Xµ(τ) instead of the coordinates xµ(τ),
O˜z ≡
∫
R
dτ δ(4)
(
Xµ
( τ
m
)
− zµ
)
,
its Fourier transform O˜q would not change at all,
O˜q ≡
∫
d4zeiq.zO˜z = e
iq.xδ
( q.p
m2
)
= Oq, (69)
and the whole following construction would be identical.
It is thus possible to construct the Feynman diagram eval-
uations from expectation values of the Xµ(T ) Dirac ob-
servables. We believe this can be applied in order to
define the Feynman amplitudes for DSR. Following [2],
the main ingredient would be a modified Fourier trans-
form reflecting that the momentum space is not the flat
Minkowski space but is not curved.
VII. THE PARTICLE WITH SPIN
A. Dirac observables
In this final section, we investigate if including spin will
change the analysis of the algebra of Dirac observables of
the relativistic particle. A massive spinning particle is
defined by the phase space (xµ, pµ, sµν). The Poisson
bracket still defines x and p as canonical variable. The
sµν commute with x and p and form a Lorentz algebra,
i.e. have similar brackets as jµν . The constraints on the
phase space are now:
H = p2 −m2 (70)
N =
1
2
sµνs
µν + λ2 (71)
Oν = pµs
µν , (72)
where λ is the norm of the spin. This formalism can be
entirely derived from a Lagrangian8.
Dirac observables now need to commute with all 6
constraints. The algebra of observables is now gener-
ated by the momentum pµ and the Lorentz generators
Lµν = jµν + sµν . We actually recover the Poincare´ alge-
bra. Let us notice that the spin sµν is not an observable
although it is a constant of the motion (since it com-
mutes with the Hamiltonian constraint H generating the
trajectories and doesn’t with Oµ).
It is still straightforward to construct the coordinate
Dirac observables. And we define the position observables
in term of a time x · v:
X(v)µ =
Lµνv
ν + Tpµ
p · v
= xµ +
pµ
p · v
(T − x · v) +
sµνv
ν
p · v
,
(73)
and in term of the time D:
Xµ =
Lµνp
ν + Tpµ
p2
= xµ +
pµ
p2
(T −D) +
Oµ
p2
, (74)
which is weakly equal to the spinless case. Similarly to
the spinless case, we obtain:
{Xµ, Xν} = −
Lµν
p2
= −
jµν
p2
−
sµν
p2
.
The spin s creates an additional non-commutativity.
Another useful Dirac observable is the Pauli vector:
Wµ = ǫµνλρp
νLλρ = ǫµνλρp
νsλρ.
Wµ behaves as a vector under Lorentz transformations.
Its norm WµW
µ is the second Casimir of the Poincare´
algebra: WµW
µ = m2λ2. We have the following Poisson
brackets:
{W, p} = 0, {Wµ, Xν} =
pµWν
p2
.
8 We consider a matrix Λ ∈ SO↑o(1, 3)) and define the momentum
and the spin as:
pµ = mΛµ0,
1
2
sµνJ
µν = −is = λΛ−1J12Λ,
where Jµν are the Lorentz generators in the fundamental repre-
sentation in term of 4 × 4 matrices. It is easy to check that s
explicitly reads as:
sµν = λ(Λµ1Λν2 − Λµ2Λν1).
Then we introduce the action:
S =
Z
dτ pµx˙µ − i
λ
2
Tr(J12Λ
−1Λ˙).
It is straightforward to check that the spin term in the Lagrangian
is λ
2
(Λµ2Λ˙µ1 − Λµ1Λ˙µ2), so that the resulting symplectic struc-
ture is simply {Λµ1,Λµ2} = 1/λ. From there, it is obvious that
the s’s form a Lorentz algebra under the Poisson bracket.
13
Let us also point out the identity:
OµW
µ =
1
4
p2ǫαβγδsαβsγδ.
Next, we can introduce Dirac observables for the spin.
As sµν commutes with H and N , we only need to take
care of the constraint Oµ and gauge fix it. Thus we in-
troduce the following Dirac observables labelled by an
arbitrary fixed vector aµ:
S(a)µν = Lµν − (aµpν − aνpµ)
= sµν + (xµ − aµ)pν − (xν − aν)pµ, (75)
which gives sµν when xµ = aµ. These observables S
(a)
µν
satisfy the same brackets as sµν and also form a Lorentz
algebra. Moreover S
(a)
µν act as the Lorentz generators on
the momentum vector pµ.
We can remove the dependence on an arbitrary fixed
vector aµ and render the expression covariant by using
the Dirac observable Xµ. Thus we introduce our spin
Dirac observable:
Sµν = Lµν − (Xµpν −Xνpµ)
= sµν + (xµ −Xµ)pν − (xν −Xν)pµ
= sµν +
1
p2
(Oµpν −Oνpµ) , (76)
which is actually weakly equal to the spin sµν itself.
Moreover {S, p} = 0 and the Poisson brackets of the S’s
form the Lorentz algebra on-shell (off-shell, we get a few
O ∧ p terms).
B. Spin-induced non-commutativity
One can compute the algebra of constraints of the rel-
ativistic spinning particle and we found:
{H,Oµ} = {N,Oµ} = {H,N} = 0,
{Oµ, Oν} = p
2sµν + (Oµpν −Oνpµ) = p
2Sµν . (77)
So H and N are first class constraints, while the Oµ’s
are second class constraints. One can thus introduce the
Dirac bracket taking the constraints Oµ = 0 into account.
Noting ∆µν ≡ {Oµ, Oν} the Dirac matrix, we can com-
pute its inverse:
(∆−1)µν =
−ǫµναβ∆αβ
1
4ǫ
αβγδ∆αβ∆γδ
, (78)
with 14ǫ∆∆ =
1
4p
4ǫSS = 12p
4ǫss. We define the Dirac
bracket as:
{f, g}D ≡ {f, g} − {f,Oµ}(∆
−1)µν{Oν , g}.
Since {xµ, Oν} = sµν and {pµ, Oν} = 0, it is straightfor-
ward to compute9:
{xµ, pν}D = ηµν , {pµ, pν}D = 0,
{xµ, xν}D =
1
2p2
sµν + φµν(Oα). (79)
We see that the spin of the particle induces a non-
commutativity of the particle position algebra at the clas-
sical level.
C. About the quantification of the Dirac
observables
The Dirac observables (L,X) form as in the spinless
case a so(4, 1) algebra under the Poisson bracket. The
quadratic Casimir C2 =
1
2LL − p
2XX can be computed
exactly on-shell and we obtain C2 = −T
2 − λ2. The
quartic Casimir C4 = wµw
µ is defined in term of the
vector:
wµ = ǫµαβγX
α(T )Lβγ.
One can check that C4 6= 0 unlike the spinless case.
This means that we are not restricted to simple repre-
sentations anymore as in the spinless case: we need to
consider all functions L2(SO(1, 4)) and we can not re-
strict ourselves to the 5d light cone. Thus, in the case of
the spinning particle, we are necessarily led to work with
a 5d representation of the Dirac observables.
Conclusion
We have looked at the relativistic particle from the
perspective of its algebra of (Dirac) observables. We
have identified a set of Lorentz covariant position ob-
servables, which turn out to be non-commutative. This
non-commutativity reflects the fact that one can not lo-
calize a massive quantum particle with a precision better
than its Compton length. We then showed that the par-
ticle admits in this context a natural representation in
five dimensions and could be quantized in terms of wave
functions on the 5d light cone. This allows a direct com-
parison with the free particle in DSR (e.g. [6]), which
9 The function of the constraint Oα appearing in the bracket {x, x}
is:
φµν(O) =
4
p4(ǫss)
ǫαβγδsµαsβνOγpδ.
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evolves in a non-commutative space-time and whose mo-
mentum lives in the curved de Sitter space. Moreover, it
turns out that the 5d light cone formulation is subject to
divergencies, which are naturally regulated by DSR. This
allows a clear understanding of how DSR arises as an ex-
tension of Special Relativity. In particular, it lead us to
an interpretation of the fifth coordinate as proper time
and of the fifth moment as generating the Hamiltonian
flow of the particle.
The case of the spinning particle deserves more atten-
tion. We have showed that the spin induces an extra
non-commutativity of the space-time coordinates. This
complicates the quantization of the algebra of observables
and a full analysis of the 5d representation of the spinning
particle is still under investigation.
Finally, we also described a new representation of the
Feynman diagram evaluations in term of Dirac observ-
ables. We now hope to extend this approach to DSR and
use these new tools in order to build the scattering ampli-
tudes and S-matrix of a Quantum Field Theory in DSR
in a consistent way.
[1] G Amelino-Camelia, Testable scenario for relativity
with minimum-length, Phys. Lett. B 510, 255 (2001)
[arXiv:hep-th/0012238];
G Amelino-Camelia, Relativity in space-times with short-
distance structure governed by an observer-independent
(Planckian) length scale, Int. J. Mod. Phys. D 11, 35
(2002) [arXiv:gr-qc/0012051].
[2] L Freidel, ER Livine, Ponzano-Regge model re-
visited III: Feynman diagrams and Effective field
theory, Class.Quant.Grav. 23 (2006) 2021-2062,
[arXiv:hep-th/0502106]
L Freidel, ER Livine, Effective 3d Quantum Grav-
ity and Non-Commutative Quantum Field Theory,
[arXiv:hep-th/0512113]
[3] G Amelino-Camelia, L Smolin, A Starodubtsev Quantum
symmetry, the cosmological constant and Planck scale
phenomenology, [arXiv:hep-th/0306134];
F Girelli, ER Livine, D Oriti, Deformed Special Relativity
as an effective flat limit of quantum gravity, Nucl. Phys.
B 708 (2005) 411, [arXiv:gr-qc/0406100];
K Imilkowska, J Kowalski-Glikman, Doubly special rela-
tivity as a limit of gravity, [arXiv:gr-qc/0506084];
L Smolin, Falsifiable predictions from semiclassical quan-
tum gravity, [arXiv:hep-th/0501091]
[4] J Kowalski-Glikman, Introduction to Doubly Special Rel-
ativity, [arXiv:hep-th/0405273]
[5] T. D. Newton and E. P. Wigner, Localized States For
Elementary Systems, Rev. Mod. Phys. 21 (1949) 400
[6] F Girelli, T Konopka, J Kowalski-Glikman, ER Livine,
The Free Particle in Deformed Special Relativity,
Phys.Rev. D73 (2006) 045009, [arXiv:hep-th/0512107]
[7] C Rovelli, Partial observables, Phys. Rev. D 65 (2002)
124013, [arXiv:gr-qc/0110035]
[8] I Bars, Survey of two-time physics, Class. Quant. Grav.
18 (2001) 3113, [arXiv:hep-th/0008164];
JM Romero, A Zamora, Snyder noncommutative space-
time from two-time physics, Phys. Rev. D 70 (2004)
105006, [arXiv:hep-th/0408193]
[9] H Snyder, Quantized space-time, Phys. Rev. Lett. 71, 38
(1947);
[10] ER Livine, D Oriti, About Lorentz invariance in a
discrete quantum setting, JHEP 0406 (2004) 050,
[arXiv:gr-qc/0405085]
[11] ER Livine, D Oriti, Coherent States for 3d De-
formed Special Relativity: semi-classical points in
a quantum flat spacetime, JHEP 0511 (2005) 050,
[arXiv:hep-th/0509192]
[12] L. Freidel, J. Kowalski-Glikman and S. Nowak, “From
noncommutative kappa-Minkowski to Minkowski space-
time,” arXiv:hep-th/0612170.
